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Motivations

▶Nuclear magnetic resonance for imaging in the µm range [1].

▶ Simultaneously solve spin diffusion PDE and learn shape parameters.

▶Preliminary results for a spherical shape.

Context

▶ Setting: spherical solid with unknown radius R in a liquid upon microwave
irradiation

▶Quantity of interest: polarization P(r , t) at position r and time t.

▶Fick diffusion PDE

F (P , r , t,R) = 0 (1)

where F (P , r , t,R) = CR (r) ∂tP (r , t)−∇ (DR (r)CR (r)∇P (r , t))

+ CR (r)
P (r , t)− P0(t)

TR (r)

with concentration CR, diffusion rate DR, relaxation time TR, local
equilibrium polarization P0.

▶Data: for i ∈ {1, . . . , n},
▶ yi =

1
R3

∫ R
0 P(r , t)r 2dr : integral of polarization over the solid.

▶ zi : constant polarization over the liquid (assuming P(r , t) = P(r ′, t),∀r , r ′ ≥ R ,∀t)
▶Goal: estimate radius R and polarization P(r , t) at any position r and time t.

Problem formulation

Change of variable to avoid integration in the optimization process:

G (r , t) =
3

r 3

∫ r

0

P (ρ, t) ρ2dρ,

Problem: solve eq. (1) in G and R with

P (r , t) =
r

3
∂rG (r , t) + G (r , t)

G (R , ti) = yi ,∀i ∈ {1, . . . , n}
P (R , ti) = zi ,∀i ∈ {1, . . . , n}
G (r , 0) = 0,∀r

Data augmentation

Data y = {yi} (resp. z = {zi}) can be fitted by a streched-exponential law

fx(t) = Cx

(
1− e−(

t
Tx)

βx
)

for x = y (resp. x = z).

▶ fit parameters Cy , βy ,Cz, βz from {yi} and {zi}
▶ generate data fx(t) for any time t
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Physics-informed neural network

Based on [2], learn a multilayer perceptron Gθ with parameter θ by minimizing

L (θ,R) = Lpde (θ,R) + Ly (θ,R) + Lz (θ,R) + Linit (θ) + Lbnd (θ)

where

Lpde (θ,R) =
1

|Spde|
∑

(t,r)∈Spde

F (Pθ, r , t,R)
2

with Pθ (r , t) =
r

3
∂rGθ (r , t) + Gθ (r , t)

Ly (θ,R) =
1

|Sy |
∑
t∈Sy

(fy (t)− Gθ (R , t))
2

Lz (θ,R) =
1

|Sz|
∑
t∈Sz

(fz (t)− Pθ (R , t))
2

Linit (θ) =
1

|Sinit|
∑
r∈Sinit

(Gθ (r , 0))
2

for some samplings Spde,Sy ,Sz,Sinit of the time and/or space domains.

Experiment

Using an MLP with 2 hidden layers and 32 neurons per layer, and a regular grid
for Spde,Sy ,Sz,Sinit with 30 spatial samples and 600 time samples,

Synthetic data
Rtrue = 25nm Rtrue = 2.5µm

Homogeneous L = 2 · 10−6 L = 9 · 10−5

concentration R = 36.6nm (+46%) R = 2.5µm (0%)
Heterogeneous L = 4 · 10−5 L = 1 · 10−4

concentration R = 64.1nm (+156%) R = 2.56µm (+2.4%)
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qui est cohérent avec la valeur de la fonction de coût. Cependant, le rayon estimé ne correspond pas
à la réalité.

Figure 5.2 – Graphique représentant l’évolution de la polarisation
ponctuelle en fonction du temps t et de l’espace r.

Examinons maintenant la polarisation ponctuelle illustrée à la figure 5.2. L’axe des abscisses
représente l’espace, allant de 0 (centre de la particule) à R (bord de la particule), l’axe des ordonnées
représente le temps, et l’échelle de couleurs sur la droite indique la valeur de la polarisation. Les points
importants à vérifier sont les critères imposés au réseau pour s’assurer qu’ils ont bien été respectés.
Premièrement, une di↵usion normale est observée. Deuxièmement, à t = 0, la polarisation est nulle
en tout point de l’espace. Enfin, la polarisation à r = R semble égale à la polarisation moyenne du
solvant, ce qui est cohérent avec le graphique de la fonction de coût (à gauche dans la figure 5.1). Ce
graphique montre donc que tous les critères semblent respectés. Deux autres points importants sont
que la polarisation reste comprise entre 0 et 200, et que la di↵usion de spin se fait dans le bon sens,
du bord vers le centre du solide, bien que ces critères n’aient pas été imposés explicitement. Pour
l’instant, ce graphique n’explique pas l’erreur sur le rayon.

→Radius is overestimated to compensate for the simplistic assumption that the
polarization is constant over the liquid.

→Need to model the spin diffusion in frozen liquid.

→Hard to optimize over θ and R .

Perspectives

▶Conduct experiments on true polystyrene balls

▶Need to model diffusion in both solid & liquid, by considering the space for
r < R ′ where R ′ is the known radius of the liquid,

G (R ′, ti) =
R ′3 − R3

R ′3 zi +
R3

R ′3yi ,∀i ∈ {1, . . . , n}

and by replacing loss component Lz by

Lyz (θ,R) =
1

|Syz|
∑
t∈Syz

(
R ′3 − R3

R ′3 fz (t) +
R3

R ′3fy (t)− Gθ (R
′, t)

)2

▶ Improve joint optimization over neural network and shape parameters.

▶Address various parametric shapes.
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